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Abstract

The study considers transient laminar heat transfer of a rotating disk heated to a constant initial temperature and

sudden subjection to unsteady cooling by still air. Both numerical simulations of conjugate heat transfer inside the disk

and convection between the disk and air, as well as a self-similar solution show that the heat transfer coefficient becomes

time independent very quickly and equal to its value at steady-state conditions. It appeared that the widely employed

solution of unsteady one-dimensional heat conduction in a semi-infinite plate overestimates significantly the disk

temperature and consequently the heat transfer coefficient calculated from this solution using known experimental

instant disk surface temperature.

� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Rotating-disk systems are widely known in turbo-

machinery, computer-disk drives, rotating dust separa-

tors etc. Unsteady heat transfer of rotating disks is

frequently used in transient experimental techniques.

Such techniques currently employing liquid crystals are

based on the commonly known fact that after a certain

period of time since the beginning of the cooling process,

the surface heat transfer coefficient becomes a time-

independent function equal to its value of steady-state

heat transfer of the same body under analogous

boundary conditions. The heat fluxes in these cases can

easily be calculated from rather simple analytical solu-
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tions for unsteady heat conduction inside solid bodies at

known surface temperatures.

This problem actual for the present study was stated

in [1]. A Plexiglas� rotating disk (b ¼ 0:123 m, s ¼ 0:01
m) was placed in a thermally insulated box and heated

up to a constant temperature of Tw;i ¼ 40 �C (Fig. 1).
Then the box cover was suddenly removed and the disk

started cooling down to room temperature of T1 ¼ 24
�C without additional input of heat. Unsteady surface
temperatures were measured by means of liquid crystals

applied onto the disk surface as ring-like bands. The

heat transfer coefficient was computed from the solution

of the inverse one-dimensional transient problem of heat

conduction inside the disk being assumed to be semi-

infinite in z-direction

FtðtÞ ¼
TwðtÞ � T1
Tw;i � T1

¼ expðc2Þ � erfcðcÞ

with erfcðcÞ ¼ 1� 2ffiffiffi
p

p
X1

k¼0

ð�1Þkc2kþ1
k!ð2k þ 1Þ : ð1Þ
ed.
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Nomenclature

a thermal diffusivity

b outer radius of disk

Bi Biot number 0:5hs=kw
FtðtÞ relative instant wall temperature, ðTwðtÞ�

T1Þ=ðTw;i � T1Þ
Reu rotational Reynolds number xb2m
s thickness of the disk

T temperature

t time

x ¼ r=b non-dimensional radial coordinate

Fo Fourier number 4awt=s2

h heat transfer coefficient

k thermal conductivity

K1 constant in Eq. (2)

Nub Nusselt number qwb=½kðTw � T1Þ�
Pr Prandtl number, m=a
qw local heat flux at the wall

r, u, z radial, tangential and axial coordinate

Greek symbols

m kinematic viscosity

q density

x angular speed of rotation of the disk

Subscripts

i initial conditions (t ¼ 0)
w wall (z ¼ 0)
1 Infinity
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Fig. 1. Geometrical arrangement of a rotating disk in still air.
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Here TwðtÞ is the instant disk surface temperature,
c ¼ h

ffiffiffiffiffiffiffi
awt

p
=kw. Key assumption thereby is the heat

transfer coefficient h being independent of time [1,2].
Authors [3] have shown that resulting radial distri-

butions of h for laminar heat transfer in experiments [1]
are in significant disagreement with theoretical solutions

[4–7] and also with reliable experimental data [5,8,9].

This heat transfer characteristically value can be de-

scribed by the following equation

Nub ¼ K1Re1=2u ; ð2Þ

where K1 ¼ 0:326 at Pr ¼ 0:71 and Tw ¼ const. Distri-
butions of h found in [1] decreased radially from the axis
of rotation to the disk rim by two times, while all known

correlations applicably to the experimental conditions

[1] predict constant values of h, which agrees with

experiments [1] only near the disk’s rim. Unfortunately,

authors [1] did not present experimental data for FtðtÞ.
Studies undertaken in [10,11] showed that the semi-

infinite wall assumption becomes invalid once the non-

dimensional time value at which the measurements were

taken exceeds a certain threshold value. This value ex-

pressed in terms of the Fourier number is equal to
Fo ¼ 1=4 in accordance with the classical theory [10] or
Fo ¼ 1 according to [11]. The reason for this restriction
is that at Fo > 1=4 [10] (or 1 [11]) the temperature of the
whole disk diverts from the initial value Tw;i and thus the
entire disk takes part in the heat transfer process.

The objective of this research is the numeric modeling

of the conjugate two-dimensional transient problem of

laminar heat transfer in air and rotating disk. The

solution to be obtained should give an answer to the

question whether the transient experimental technique

used in [1,2] and elsewhere can provide reliable and

adequate data for heat transfer coefficients of rotating

disks including more complicated conditions.
2. Analytical solution for a disk of finite thickness

Concerning a disk of a finite thickness s (Fig. 1) with
the same heat transfer coefficients at z ¼ 0 and z ¼ �s,
the function FtðtÞ is [12]

FtðtÞ ¼
X1

i¼1

2 sinðlnÞ cosðlnÞ
ln þ sinðlnÞ cosðlnÞ

expð�l2nFoÞ; ð3Þ

cotðlnÞ ¼ ln=Bi; ð4Þ

where eigenvalues ln are defined by Eq. (4). The physical
properties of Plexiglas� are [1] kw ¼ 0:19 W/(m2 K),

aw ¼ 1:086	 10�7 m2/s and of air [12] k ¼ 0:02624 W/
(m2 K), a ¼ 2:216	 10�5 m2/s, Pr ¼ 0:71. It follows for
the investigated problem Bi ¼ 0:395. The Fourier num-
ber value at t ¼ 69 s is Fo ¼ 0:3, and with an inaccuracy
not exceeding 0.37%, function FtðtÞ can be calculated
from Eq. (3) using only the first term of the Fourier

series [12].

According to Eq. (3), function FtðtÞ is significantly
lower (by 2–4 times at t > 700 s) than function FtðtÞ
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given by Eq. (1), while K1 is the same for both functions
FtðtÞ. Consequently, if the real cooling rate in experi-
ments for the instant moment of time t exceeds twice the
cooling rate predicted by Eq. (1), the use of Eq. (1) to

restore the experimental value of the heat transfer

coefficient will lead to obtaining the data for h exceeding
twice its real values. This conclusion is validated below

via numerical simulations using the CFD code CFX-5.
3. Numerical simulations

3.1. Computational domain and mesh

The commercially available program package CFX-5

by ANSYS Inc. was employed for the numerical simu-

lations, whereas a case-sensitive mesh generated manu-

ally by the Patran volume mesher was used instead of

that provided by the standard automatic mesher imple-

mented in CFX-5. Because of the axisymmetric charac-

ter of the problem, the overall computational domain

comprised only a sector of 45� angle with a periodic
boundary condition specified on each side. This domain

consisted of two parts: a stationary fluid domain with

the radius and height of 0.5 m and a rotating fluid do-

main that contained a solid sub-domain, namely the disk

itself (heated by an energy source) in accordance with

the experimental setup of [1]. The rotating and station-

ary domains are connected to each other by a so-called

frozen rotor domain interface. The outer and top

boundaries were defined as walls with a free slip condi-

tion and the fixed (ambient) temperature of T1 ¼ 297:15
K. All lower surfaces of the computational domain

were symmetry planes. These preconditions allowed

the simulation of conjugate heat transfer of a freely

rotating heated disk with finite dimensions in a sta-

tionary fluid domain where the outer boundaries did not

affect fluid flow and heat transfer intensity in the near-

wall region.

Meshing this domain, mainly hexahedrons and a few

prisms with 18 elements in angular direction were used.

The overall 333,520 nodes were partitioned in such a

way that 11% were located inside the disk zone, 54%

were used to model the rotating fluid domain with an

extension of 10 mm around the solid disk and the

remaining 35% were necessary to realize the stationary

region. Preliminary investigations of the mesh structure

and necessary density in the rotating domain showed

that the manually created structured mesh was necessary

for obtaining really smooth distributions of heat transfer

values in the disk surface area according to self-similar

solution [4–6]. In order to reduce the overall number

of nodes, an unstructured coarser mesh was used in

the outer stationary part of the whole computational

domain. This was sufficient to simulate the ambience of

still air.
3.2. Validations of steady-state fluid flow and heat

transfer

In order to validate the model with its boundary

conditions described in the previous section, several runs

of simulations at x ¼ 52:36 1/s (or 500 rpm) were per-
formed to get a well converging solution for fluid flow

and heat transfer parameters. Target (normalized log)

residual for all items was set to 1· 10�6. To reach this
value, a timestep of 10 · 1/x has been used during the

start-up of the simulation, which finally needed to be

reduced to 0.1 · 1/x.
In the area around the domain center (x ¼ 0:3) an

undisturbed fluid flow occurred without any influence of

flow around the disk’s rim, whereas such a disturbed

flow took place at xP 0:6. Numerical simulations of the
velocity and temperature profiles agreed well with the

self-similar solutions [4–7]. The average value of K1 ¼
0:341 (at x6 0:6) is in close consistence with the self-
similar value K1 ¼ 0:326 for Pr ¼ 0:71 and Tw ¼ const.
Data for the conduction heat transfer inside the disk was

in accordance with the analytical solution [12]. This

steady-state solution proved suitable for providing ini-

tial velocity, pressure and temperature distributions for

transient simulations.

3.3. Results for transient heat transfer

The temperature, velocity and pressure fields ob-

tained from the steady-state simulations described above

were used as initial conditions for the transient run.

Switching off the energy source (used to heat the disk

during the steady-state run) allowed analyzing unsteady

laminar heat transfer of a rotating disk in still air at the

same angular speed of the rotating domainx ¼ 52:36 1/s.
The calculation was carried out during 1500 s of physical

time. Within this period the average disk surface tem-

perature decreased from its initial value Tw ¼ 312:60 K
to Tw ¼ 298:80 K. The surrounding air temperature was
kept constant at T1 ¼ 297:15 K.
The non-dimensional variable FtðtÞ reached the value

of 0.106 when computations were terminated. Variation

of this quantity versus time is shown in Fig. 2 and

compared with Eqs. (1) and (3), respectively. The func-

tion FtðtÞ computed using CFX-5 is in good agree-
ment with Eq. (3). Thus, the real cooling rate of the

relatively thin (s ¼ 0:01 m) Plexiglas� disk exceeds very
significantly indeed the cooling rate predicted by Eq. (1).

The reason for this discrepancy is that Eq. (1) is valid

for high Biot numbers that refer to a disk of semi-

infinite thickness or made of a material with low ther-

mal conductivity kw. Such a disk should indeed cool
down much more slowly than a thin Plexiglas� disk

used in experiments [1]. (It is easy to see that Eqs. (1)

and (3) can provide the same numerical results at

Bi ! 1).
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Fig. 3. Transitional behavior of the Nusselt number out of

CFX-5 simulations from t ¼ 0 to t ¼ 1500 s. Dashed lines are
representing intermediate distributions, taken every 100 s.
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Fig. 2. Variation of K1 and Ft versus time according to self-
similar solution and numerical simulations using CFX-5 code.
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Thus, wrong choice of the Eq. (1) to process the

transient experimental data in [1] is most probably the

reason for significant deviation of the results [1] for

the Nusselt number from Eq. (2) at K1 ¼ 0:326. There-
fore, Eq. (3) should be used in transient experimental

techniques instead of Eq. (1) to restore experimental

values of heat transfer coefficients. As mentioned above,

at Fo ¼ 0:3 function FtðtÞ can be computed from Eq. (3)
using only the first term of the Fourier series (with an

inaccuracy less than 0.37%), which substantially sim-

plifies the task of an experimentalist.

The high quality of simulations can be also confirmed

by the excellent agreement of the constant K1 with the
self-similar solution also presented in Fig. 2. The disk

cooled down very homogeneously. The temperature was

nearly constant up to x ¼ 0:5 at each point of time and
decreased subsequently to the value at the disk’s edge.

The decreased value of Tw at x ¼ 1 is of course the result
of cooling down the outer cylindrical surface of the disk.

The profile of Tw flattened steadily until the ambient
temperature T1 was almost reached at t ¼ 1500 s.
The main point of interest is the behavior of the

Nusselt number. Radial distributions of Nub are pre-
sented in Fig. 3 for every 100 s starting at the beginning

of the cooling process. The influence of the flow near the

axis of rotation can be seen up to approximately x ¼ 0:2.
This resulted in a time-independent moderate bump in

the profile of Nub. At each time step the Nusselt number
is approximately constant between x ¼ 0:2 and x ¼ 0:6.
The significant peak of Nub at the outer part of the

disk surface in the initial distribution at t ¼ 0 s gradually
vanishing with time is caused by the non-uniform initial

distribution of the disk surface temperature Tw;i. The
noticeably decreasing radial profile of Tw;i causes radial
heat conduction from the region of x6 0:6 to the outer
part of the disk. After a while, surface temperature be-
comes more uniform, while a certain part of the heat

accumulated by the disk is transferred to the ambient air

by the outer cylindrical surface of the disk. These two

effects eventually depress the peak of the Nusselt number

at x 
 0:8 mentioned afore.
Disregarding the effects near rotation axis and outer

radius of the disk, an average value of the Nusselt number

for the undisturbed region 0:26 x6 0:6 was calculated
and plotted versus time. As evident in Fig. 3, the Nusselt

number becomes practically time independent after about

300 s of physical time. After this period of time, the

standard deviation from the mean value of Nub ¼ 75:497
is only 0.103. This mean value of Nub is in excellent
agreement with Eq. (2), which is based on the self-similar

solution and reliable experiments [5,8,9] and others.
4. Conclusions

Using CFD code CFX-5, numerical simulations of

the problem of unsteady conjugate laminar heat transfer

of a rotating disk (at steady-state fluid flow conditions)

showed that the heat transfer coefficient very quickly

becomes time independent and equal to its value of

steady-state conditions, confirmed by known reliable

experiments [5,8,9] and others. It was shown that the

solution for unsteady one-dimensional heat conduction

in a semi-infinite plate employed in [1,2] overestimates

significantly the disk surface temperature and conse-

quently the heat transfer coefficient calculated from this

solution using known experimental instant disk surface

temperature. The alternative method may be the use of

the solution for unsteady one-dimensional heat con-

duction in a finite-thickness plate given by Eq. (3), which

degenerates at FoP 0:3 just to the first term of the

Fourier series.
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